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The phase space of quantum mechanics can be viewed as the complex projective space CPn en-
dowed with a Ka¨hlerian structure given by the Fubini-Study metric and an associated symplectic
form. Therefore, we can interpret the Schro¨dinger equation as generating a natural Hamiltonian
dynamics on CPn. Based upon the geometric structure of the quantum phase space we introduce
the corresponding natural microcanonical and canonical ensembles. The resulting distribution im-
plied by the quantum canonical ensemble diers from distribution of the conventional density matrix
approach, which in some respects can be viewed as semiclassical. The results are applied in detail
to the case of a spin one-half particle in a heat bath with an applied magnetic eld.
PACS Numbers : 05.30.Ch, 02.10.Rn
With a view to certain geometrical generalisations we
rst reformulate the conventional quantum theory in the
following manner. Consider a complex Hilbert space
Hn+1C with complex elements Z
. We identify the state
vector Z with its multiples Z ( 2 C−f0g) to obtain
the complex projective space CPn. Here we use Greek
indices ( = 0; 1;    ; n) for vectors in Hn+1C , and regard
CPn as the true ‘state space’ of quantum mechanics. The
complex conjugate of Z is written Z, with the Hermi-
tian inner product Z Z. We let the state vector Z

represent homogeneous coordinates for CPn. Then, the
complex conjugate of a point P in CPn corresponds to
the hyperplane PZ
 = 0. The points on this plane are
the states that are orthogonal to the original state P.
Thus, CPn is equipped with a Hermitian correlation, i.e.,
a complex conjugation operation that maps points to hy-
perplanes of codimension one, and vice-versa.
Distinct points X and Y  are joined by a complex
projective line L = X [Y ], representing the vari-
ous complex superpositions of the original two states.
The quantum mechanical transition probability between




 Y. More precisely, if the system
is in the state Y  and a measurement is made to see if
the system is in the state X (corresponding to a mea-
surement of the projection operator X X=X
γ Xγ), then
 is the probability that the result is armative. The
angle  dened by  = cos2(=2) can be interpreted as
the distance between the states X and Y . Then if we
set  = ds, X = Z, and Y  = Z + dZ, retaining
terms to second order, we obtain the unitarily invariant
Fubini-Study metric [1] on the state space CPn, given by
ds2 = 8(Z Z)
−2Z [dZ] Z[d Z].
Now suppose we write H for the Hamiltonian opera-
tor, assumed Hermitian. Then the Schro¨dinger equation
is dZ = iHZ
dt. However, the projective Schro¨dinger
equation Z [dZ] = iZ [H
]
γ Zγdt, which eliminates the
superfluous degree of freedom associated with the direc-
tion of Z, is well dened directly on the state space.
An alternative way of viewing this structure is to re-
gard CPn as a real manifold M2n of dimension 2n,
equipped with a Riemannian metric gab and a compatible
symplectic structure Ωab, satisfying g
abΩacΩbd = gcd
and raΩbc = 0. We use bold indices (a = 1; 2;    ; 2n)
here for tensorial operations in the tangent space ofM2n.
The Schro¨dinger equation then takes the form of a flow
a = 2ΩabrbH on M2n. Here the generating function
H(x) is given at each point x in M2n by the expecta-
tion H = HZ
 Z=Z
γ Zγ of the Hamiltonian operator.
Therefore, in quantum mechanics the dynamical trajec-
tories are given by a Hamiltonian symplectic flow on the
quantum phase space M2n, generated by the Hamilto-
nian function H(x). Furthermore, the flow is necessarily
a Killing eld, satisfying r(ab) = 0, where a = gab
b.
In other words, the isometries of the Fubini-Study metric
on CPn can be lifted to Hn+1C to yield unitary transfor-
mations.
Conversely, given the Killing eld we can recover the
corresponding observable function H on M2n by use of
the relation −2(n+ 1)H = Ωabrab. This follows from
the fact that a globally dened function F (x) on M2n
is the expectation of an observable F i it satises the
Laplace equation raraF + (n+ 1)F = 0.
In this paper we use the metrical geometry of the
quantum phase space as the basis for a reexamination
of the traditional hypothesis of quantum statistical me-
chanics. To this end, we observe that the quantum phase
space M2n admits a natural foliation by the hypersur-
faces E2n−1E given by level values H(x) = E of the Hamil-
tonian function. The volume V(E) of the energy surface








then acts as a measure of the number of quantum me-
1
chanical microscopic congurations with expected en-
ergy E. Here, da = gabbcddx
c   dxd is the natu-
ral vector-valued (2n − 1)-form on M2n. Therefore, in
the case of an isolated quantum mechanical system, we
can adopt the notion of the microcanonical ensemble,
and identify the entropy by use of the Boltzmann re-
lation S(E) = lnV(E). Here, we implicitly assume what
might be called the quantum microcanonical postulate,
which asserts that for an isolated system in equilibrium
all states on a given energy surface H(x) = E in the
quantum phase space are equally probable. As a conse-





where  = 1=kT . Thus for an isolated quantum sys-
tem with expected energy E the equilibrium congura-
tion is given by the uniform distribution on the energy
surface E2n−1E , with entropy S(E) and temperature T (E)
as given above.
Next, we formulate the corresponding canonical ensem-
ble, based on the geometry of the quantum state space.
The results we obtain are related to those follow from the
familiar density matrix based formalism for the canonical
ensemble, though dier, interestingly, in certain signi-
cant respects.
Consider two systems I and II and let them make con-
tact to form a combined system I+II. We suppose that
the systems only interact weakly, so the quantum phase
spaceM1+2 of the combined system is approximated by
the product of the phase spaces M1 and M2 for the
systems I and II. We have in mind the situation where
system I represents a heat bath with a given tempera-
ture, while II represents a small system immersed in the
bath. We wish to calculate the probability density (E2)
that system II lies on the energy surface EE2 inM2, con-
ditional on the total energy of the combined system I+II
being some given value E. Now, according to the quan-
tum microcanonical hypothesis, the distribution over the
energy surface EE inM1+2 is uniform. Therefore, condi-
tional on the given value of E for combined system I+II,
the joint density function E(E1; E2) for system I lying





Here, V1(E1) and V2(E2) are the phase space volumes in
M1 andM2, for the energy surfaces EE1 inM1 and EE2
in M2. The phase space volume V1+2(E) for the energy




V1(E − )V2()d : (4)
Our goal is to calculate the conditional density for the
system II to have energy E2. This is given by (E2) =R1
−1 E(E1; E2)dE1, which implies
(E2) = V1(E −E2)V2(E2)=V1+2(E) : (5)
Now, since the system I is in equilibrium, by the micro-
canonical hypothesis it has entropy S1(E1) = lnV1(E1)
and temperature (E1) = @S1=@E1. It follows that if
E2  E, then to rst order in E2 we have V1(E −E2) =
V1(E)e−E2 , where (E1) is the temperature of the heat
bath. As a consequence we deduce that the distribution







This is the density function for what we shall call the
quantum canonical distribution onM2. More succinctly,
now we drop the subscript 2, and regard the conditioning
as implicit in the specication of the heat bath parameter
. Then for the density of the energy distribution in the







−1 V() exp(−)d is the partition func-
tion. By the quantum canonical postulate we mean the
assumption that a small quantum system in equilibrium
with a heat bath will be in a state characterised by a dis-
tribution over the energy surfaces of the quantum phase
space with density (7), having a uniform distribution on
each such surface.
In order to illustrate how the consequences of (7) dif-
fer from those of the conventional treatment in terms of
density matrices, we shall study in detail the example of
a spin one-half particle in the heat bath. The quantum
mechanical state space in this case is CP 1, which can be
viewed as a sphere S2. The north and south poles of the
sphere correspond to the two energy eigenstates, and the
great circles passing through these two points are ther-
mal trajectories. The Schro¨dinger dynamics is given by
a rigid rotation of the sphere about the axis through the
north and south poles, the two stationary points. This
rotation gives rise to a Killing eld on the sphere, where
the angular velocity is 2h, the energy dierence between
the north and the south poles. Thus the Schro¨dinger
evolution generates a latitudinal circle.
To pursue this in more detail we introduce a complex
Hilbert space with coordinates Z ( = 0; 1) which we re-
gard as homogeneous coordinates for CP 1. The complex
conjugate of Z is the ‘plane’ Z in CP
1, which in this
dimension is a point. The point corresponding to Z is
then given by Z =  Z, where 
 is the natural sym-
plectic form on the two-dimensional Hilbert space. The
formalism in this case is equivalent to the standard alge-
bra of two-component spinors. In particular, by use of the
spinor identity 2X [Y ] = XγY
γ , where X =









projective Schro¨dinger equation. The Hamiltonian here
has a representation of the form H = 2hP( P)= PγP
γ ,
where P and P are the stationary points. In particu-
lar, we have H P
 = hP and H
P  = −h P.
From the above formulae for the Hamiltonian, the
Fubini-Study metric, and the projective Schro¨dinger
equation, we deduce that the velocity of the trajectory
through the state space is ds=dt = 2h sin , a special case
of the Anandan-Aharonov relation. Here,  is the dis-
tance from Z to P, given by the angular coordinate
measured down from the north pole. The transition prob-
ability from Z to the north pole P is the cross ratio
(Z
 P )(γ Z
γP )




(1 + cos ) : (8)







e−i(ht+) P ; (9)
where  and  are the initial coordinates on the sphere for
the quantum state at t = 0. The vector Z is normalised
by setting P P = 1. The expectation E of the energy
is E = h cos , and its variance is h2 sin2 .
Now we are in a position to examine the conventional
canonical ensemble based on the Boltzmann distribution.
In this case the temperature development of the equilib-
















γ Zγ . By use of the









This shows that at innite temperature ( = 0) the state
lies on the equator, given by Z = eiP+e−i P, where
 lies in the interval [0; 2]. The zero temperature state
is given in the limit  ! 1, for which Z approaches
P, the south pole, provided h > 0. For the energy
expectation E = HZ
 Z we have E = −h tanh(h),
which ranges from 0 to −h as  ranges from 0 to 1. We
note, in particular, that E is independent of the phase
angle , and that the expression for E agrees with the
result for a classical two-state system.
For other observables this is not necessarily the case,
and to obtain the conventional canonical distribution we
have to consider [3] averaging over the random state Z
obtained by replacing  with a random variable  having
a uniform distribution over the interval [0; 2]. In partic-
ular, the unconditional expectation of an observable A
in the random state Z is given by E[AZ
 Z]. Then
for the density matrix  = E[Z
 Z ], we obtain
 =
e−hP P − eh PP
e−h + eh
: (12)
The fact that  has trace unity follows from the normal-
isation condition P P = 1. For the energy expectation
H 

 we recover E = −h tanh(h). As a consequence of
the averaging over phases, we can say that, geometrically,
all the energy surfaces, i.e., latitudinal circles, reduce to
points along the axis that passes through the north and
the south pole. Hence the weighting of the phase space
volume is eliminated by the usual density matrix approx-
imation. In this sense, the conventional approach can be
regarded as semiclassical.
Next we apply to this problem the new approach out-
lined above based upon the quantum phase space geome-
try. Let us rst consider the quantum microcanonical dis-
tribution for this system. The phase space volume of the
energy surface E1E (a latitudinal circle) is V(E) = 2 sin .
Hence, by use of (2), along with the energy expectation
E = h cos , we deduce that the value of the system tem-
perature is determined by (E) = E=(E2 − h2). Since
E  0 and E2  h2, the inverse temperature  is posi-
tive. Furthermore, we see that E = 0 implies  = =2,
the equator, which gives innite temperature ( = 0),
and E2 = h2 corresponds to  = , which gives the zero
temperature ( =1) state.
For the quantum canonical ensemble, on the other
hand, the density of the energy distribution is given by
(E) =
sin  exp(−h cos )
Q()
; (13)
where E = h cos . The normalisation condition on




−1I1(h), from which the energy






where I(z) is the modied Bessel function. Here, for def-
initeness, we have reinstated Boltzmann’s constant k, the
particle’s magnetic moment , and the external magnetic
eld strength B, with h = B. The behaviour of the en-
ergy for the three cases considered above is sketched in
Fig. 1.
It is clear from the Fig. 1 that the increase in magneti-
sation, when the temperature decreases, is slower for the
result in (14) than for the semiclassical result. This is
because the latitudinal circles closer to the equator have
larger weights than those closer to the poles. In Fig. 2
we plot the relationship between the specic heat and the
temperature. We note that in the case of the quantum
canonical ensemble the heat capacity for this system is
nonvanishing at zero temperature. Since it is known in
the case of many bulk substances that the heat capac-
ity vanishes as zero temperature is approached, it would
be interesting to enquire if a single electron possesses a
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FIG. 1. The energy ratio E=eB for an electron in heat
bath with an applied magnetic eld strength B of one Tesla.
The x axis is the temperature in degrees Kelvin. The quan-
tum canonical case (top), the quantum microcanonical case
(middle), and the semiclassical case (bottom) are shown.
The foregoing constructions are based upon the pos-
tulate of the quantum microcanonical ensemble, which
implies a uniform distribution over any energy surface of
the quantum phase space for an isolated system in equi-
librium. We can therefore enquire whether this postu-
late can be derived from the basic principles of quantum
mechanics. This would follow, for example, if quantum
mechanical evolution was ergodic on the energy surfaces
E2n−1E . In the example considered above for the spin
one-half particle, ergodicity is indeed guaranteed by the
periodicity of the Schro¨dinger evolution and the dimen-
sionality of the energy surface.
In higher dimensions, however, the situation diers.
That is, the general energy surface E2n−1E is parame-
terised by (n− 1) angular parameters and n phase vari-
ables. For each xed set of angular variables we obtain
an n-torus Tn in E2n−1E , and by varying the angular pa-
rameters the energy surface is thus foliated by an (n−1)-
dimensional family of such toruses [3]. If we assume that
the Hamiltonian operator H is nondegenerate, and that
the ratios Ei=Ej (i 6= j) of the energy eigenvalues are ir-
rational, then the Schro¨dinger evolution is nonperiodic
on the given Tn. As a result, ergodicity is guaranteed
on each of the toroidal energy subsurfaces Tn. On the
other hand, unitary evolution does not change the an-
gular parameters on E2n−1E . It follows therefore that the
energy surfaces are not fully ergodic with respect to the
Schro¨dinger equation, and thus we cannot expect to be
able to deduce the microcanonical postulate directly from
the basic principles of quantum mechanics. It would be
interesting to see if this postulate could be derived, for
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FIG. 2. The heat capacity ratio C=eB for the system rep-
resented in Fig. 1, plotted against temperature. The quan-
tum canonical case (left top), the quantum microcanonical
case (left middle), and the semiclassical case (left bottom)
are shown.
To summarise, we have formulated the quantum me-
chanical analogues of the microcanonical and canonical
ensembles by consideration of the geometry of the quan-
tum phase space CPn. In the latter case the results
obtained do not involve the semiclassical mixed state ap-
proximation, as conventionally employed in quantum sta-
tistical mechanics. The semiclassical approach can pre-
sumably be justied when the number of the constituent
particles is large|in which case the random phases can
be averaged over. However, in the case of a small system,
such as the example discussed above, there seems to be
no a priori reason for adopting the conventional mixed
state approach. Indeed, the results obtained, as indicated
in Fig. 1, show fairly subtle dierences between the two
approaches, although their qualitative behaviour is simi-
lar. It may be, therefore, that by a suitable measurement
on a quantum mechanical system, it can be determined
experimentally whether the new ensembles introduced in
the foregoing material are indeed appropriate for such a
system.
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